ELEMENTARY METHODS IN THE THEORY OF PRIMES

BY
PATRICK R. AHERN(!)

Introduction. To facilitate the discussion of elementary formulas in the first
section, we introduce the ring of formal Dirichlet series on the integral ideals of
an algebraic number field. We show how formal Dirichlet series can be employed
systematically to give proofs of some well-known results in elementary number
theory. Then we give a new proof of Selberg’sfundamental formulaforalgebraic
number fields and a very simple proof of a somewhat stronger result first proved
by Amitsur using his symbolic calculus. Next we consider formal Dirichlet series
involving characters of ideal classes modulo an integral ideal m, and obtain
several new asymptotic formulas involving these characters. Using these formulas
we give a new proof of Selberg’s formula for ideals in ideal classes and derive
a new result standing in the same relation to Selberg’s formula for ideal classes
as Amitsur’s result is to Selberg’s formula for number fields.

In the second section, motivated by some results in the first section, we are led
to consider certain Tauberian theorems in order to get a new proof of the equi-
distribution of prime ideals in ideal classes. Certainly these methods yield neither
the most elegant nor the most elementary proof of this result but the methods
may be of some interest in themselves. We are led to consider Tauberian theorems
involving complex-valued functions where previously only real-valued functions
had been considered and we show our results are, in some sense, best possible.
We also consider the situation where we have several functions satisfying simul-
taneous and interdependent Tauberian conditions.

1. Elementary formulas.

DEerINITION 1.1. Let k be an algebraic number field with ring of integers R,
then the ring D of formal Dirichlet series on k is the set of complex-valued func-
tions defined on the set I of integral ideals of k with the following operations:

(@) For a,feD and ael; («+ B)(a) = a(a)+ B(a).

(b) For a,peD and ael; (af)(a) = Eb;aa(a)ﬂ(ab'l).

It is easily seen that with these operations D becomes a commutative ring
with identity e, where e(R) =1 and e(a) =0 for a # R. Furthermore a € D has
an inverse if and only if a(R) # 0.

Received by the editors September 30, 1963.
(1) This research was partially supported by National Science Foundation Grant G-
18918.

221



222 P. R. AHERN [June

DEFINITION 1.2.

(a) We say ae D is strongly multiplicative if a(R) =1 and a(ab) = a(a)x(b)
for all a,bel.

(b) We define {eD by {(a) =1 for all ael.

() We define p(a) =(—1)" if a =p,---p, where p,,---,p, are distinct prime
ideals, and u(a) =0 otherwise.

(d) If a e D we define a’ € D by a'(a) = —a(a)log Na for all ael, where Na
denotes the norm of a.

(¢) For aeD,x 20, let C(a,x) = Ly, < ,%(0).

(f) We define A(a) =logN(a) if a =p" for some prime ideal p and A(a) =0
otherwise. '

Using the above definitions and unique factorization for ideals in algebraic
number fields, it is straightforward to verify the following:

(1.1) logNa= Xy, A(D).

(1.2) For a,feD, (a+p) =a'+ B and (af) =a'f+ af’.

(1.3) If aeD and «(R)# 0, then (fo ') = (af’ — fa’) (" 1)2.

(1.4) For allael, (! (a) = u(a).

(1.5) If aeD is strongly multiplicative then o™ '(a) = u(a)a(a) for all ae I.

(1.6) If aeD is strongly multiplicative then —a'a” *(a) = A(a)x(a) for all
ael.

(1.7) For a,feD we have

et = Za0c(b57g) =, 10 c(eig)

Next we prove an identity from which we will be able to deduce severalasymp-
totic formulas.

THEOREM 1.1. Let a,o €D with o strongly multiplicative; then

C, 91 c(¢, =
- ¢ 0logx + % «@AWC(, 575

x x
= log — y o).
I uo)a@logoc(¢n, )
Proof. Consider the expression

X X
I noaalog 5 C(dm, W)

—logx X u(a)oc(a)C( b0, N—"E)

Na=zx

+ X {—u(a)a(a)logNaC (¢a, ;—a )} .

NasSx
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By (1.5) and (1.7) the first term is just
logx X cx"’(a)C( da, T\Ji&)

Nq=<x

= logx C(a '¢a,x) = logx C(¢,x).

Next we note that —u(a)x(a)log Na = (¢ ')’(a) and hence by (1.7), the second
term is just

T (@ Y(a)C ( ba, Nia)

Nasx

C((—a YYoa,x) = C( -

o o
&_2‘ da, x ) = C(— |;~|¢,x)
x
A(a)C| ¢, —

Néx «(@)A(a) (¢ Na)
by (1.3), (1.6), and (1.7). This proves the theorem.

Before we proceed we need a few preliminary estimates. First of all:

(1.9) There exists 1> 0 such that C({,x) = Xy,<,1 =2x + O(x' ~'/") where
n is the degree of the field k over the rationals, this result can be found in [2].

Suppose aeD, a(a)=0 for all ael and there exists &> 0 such that
C(a,x) =Ex+0(x*~*™); then:

(1.10) y L - o(x°— y%), 0<d<1, x- oo.

y<Nasx Nat-?

(1.11) There exists f such that

z o) _ E{logx + B} + O(x~ 1), X — 0.
Nqsx Na
(1.12) X a(a)logNa =&{xlogx—x}+ O(x*"'"logx), x—o0.
Nqsx

(1.13) X oa¥a) = C%x) = &[xlogx +(28 —1)x]+0(x* "), x— 0.

Ngsx

_ 8

(1.14) n.,éxa(a) Naizs = 0, 0<é<l, x>
1 log?

115 T a8 _ XL o), xow.
Nesx Na 2

The proofs of (1.10)~(1.15) are based on summation by parts and use
of C(a,x) =&x+0(x'~1/").

Four well-known results of elementary number theory will now be derived
by use of the estimates and identities listed above.

THEOREM 1.2. Xy, <, ((@)/Na) = 0(1).
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Proof.
Na2<x ‘It\(’? - NaESx ”(a)
- Z o l (¢ )+°((N’L)"”")}
1 +O(x™ ”n)NEx ——a—i—l/" = 0(x).

THEOREM 1.3. Xy, <. (u(@)/N(a)) log(x/Na) = O(1).

Proof.
w(a) @) x \ 7
NaESx Na 8 =Ly Na ‘Mbgma Nb ﬂ+0(( Na) )}
—C(acoc"lx) BNZS I;\gz)
+ 0(x'™™ NE _NEI:/T where a(a) =Nl—a-.

The result then follows from Theorem 1.2 and (1.10).
THEOREM 1.4. Y(x) = Ly,<.A0) = O(x).

Proof.
2 Aa) = C(-{'/¢x)
Naqsx
= X ul@) X logNb
Nqsx Np=<x/Nq
x Ax x \l~im x
= Nazsx u(a) [A log oo —N—a+ 0((Na) log N_a)]

_ [zu(a) x ):u(a)]

Nasx Na Na Nasx Na
1

log —
Loty ¥ Ne_ oy

Nasx Naql-1/n

by Theorems 1.2 and 1.3 and by (1.14).
THEOREM 1.5. Xy, <.(A(@)/Na) = logx + O(1).

Proof.
L o felerz) o (w) )

Nesx NG Nasx
1 ! - Ala
= c( —-2lx ) + 0" X Nal(_zln.

)' C Nqsx
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Summing by parts and using the fact that ZNaéxA(a) = O(x) we see that the
second term is O(x). The first term is just

% c(-t'x -1y logNa = xlogx + O(x)

A Ng=x

by (1.12). This proves the result.

We return to (1.8). This identity says that if we want information about C(¢,x)
for some ¢ € D, an estimate for C(¢a,x) for some strongly multiplicative « e D
might help. If welet¢p=—{'/{— (1/2){+2Bethen C(¢,x) = ENaéxA(a) —x+o(x)
and hence the proposition C(¢,x) = o(x) is the prime ideal theorem. If we let
a={_, then

C(¢(X,X) = C(_ C’ _ %Cz + zﬁc’x) — 0(x1—1/2u)
by (1.12), (1.13), and (1.9) and hence

s ol )« (5

Nasx Nasx
for sufficiently small e >0 and this is just O(x) by (1.10). Therefore by Theorem 1.1
X
C(¢,x)logx+ X A(a)C (¢, Tv’&) = 0(x)

NqsSx
or,

X
Y(x)logx + Nazg:x Ay (N—a)

]

long(%C,x) + X A(a)C(;TC,NJ%) + O(x)

Nasx

xlogx + %C(—C',x) + O(x) = 2xlogx + O(x).

This is just Selberg’s fundamental formula for algebraic number fields.

However this technique will yield a stronger result. If we let « € D be defined
by a(a) =1/Na and ¢ = — a’/a — (1/A)a + 2Pe, then

Clp,x) = X A@_ logx + B + o(1).
Na=x Na

Since it is known that Xy,.,(A(a)/Na) =logx — B+ o(1) is an elementary
equivalent of the prime ideal theorem, so is the condition C(¢,x) = o(1). Using
the estimates already derived it is not difficult to show that

C(dm,x) = C(_al _ %a2+2ﬂa,x) - A+O(x—1/2n)
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for some constant 4. Therefore

Y uwa)x(a)log — N (d)oz, Nia)

Nasx

- log(x/Na)
1/2n
Z N lgN +0(x )NE; Neiian

by Theorem 1.3 and (1.14).
Hence we have

= 0(1)

Aa) x\ _
logx C(¢,x) + Nazéx—mc(dk m) = 0(1).

Using the definition of ¢ we get

A(a) A(a) A(b)
1 =4 —_
ogx N.,ng Na Nfé, Nab

1 _ 1 Ala)
= Zlogx C(a,x) —2Blogx +l NZZQ Na C( Na>

Aa)

-2 X a+0(1)

Nasx

We note that the third term is just A~ *C(—(a’/a) - ¢, x) = A~ * ZNaéx(log Na)/Na.
Hence every term can be estimated up to a constant and the end result is:

A@) A@A®) 3. 5,
(1.16) logx Na}gx Na N‘,}b:éx—Nub = 5log” x — 3 logx + O(1).

A simple elementary argument shows that

A(a) A(a)log Na Aa) x
1 —_—2 = M og ——
08X NaEx N(O) Nazéx Na Naézx Na 08 Na
log?x

=3 + Blogx + O(1)

and hence it follows from (1.16) that

i ¥ A@logNa - 5 Al@ A()

= log2x —2B8logx + O(1).
v, Na v Nab g Blog (1)

This result was first proved (by ‘‘elementary’’ methods) by Amitsur [1]. His
proof is somewhat more complicated as it involves the use of his ‘‘symbolic

calculus.”” It is easy to show that (1.17) implies Selberg’s fundamentalformula
(Amitsur [1]).



1965] ELEMENTARY METHODS IN THE THEORY OF PRIMES 227

Before we proceed we need a few more definitions.

DEFINITION 1.3. Letm be an integral ideal of k, then A" is the group of
fractional ideals of k prime to m and H™ is the group of principal ideals (o)
where

(a) o is totally positive,

(b) vy(x—1) 2 v, (m) for all p=m, i.e., for all prime ideals p dividing m
the exponent of p in the unique factorization of (a — 1) is greater than the ex-
ponent of p in the unique factorization of m.

We assume the following facts found in Landau [1].

(1.18) A™/H™ is a finite group of order h.

(1.19) If geG,=A"/H"™ then Xy <yl = 7 + O(x* /") where
7> 0 is independent of g and n is the degree of k over the rationals. If y isa
character of G, then for any ael we define x(a)=y(aH™)ifae 4™,
and y(a)= 0 otherwise. Then y defines a strongly multiplicative formal Dirichlet
series. From (1.19) and elementary properties of characters of finite abelian
groups one obtains

(1.20) For any nonprincipal character y of G, (i.e., y5£ 1) we have

X @) = o'

Nqs=x

(1.21) If g is the principal character of G, (i.e., e = 1) then
Y &) = > 1 = ox+0(x' "),

Nasx Nasx,qea™

where w = ht > 0.
If ¢ is the principal character of G, then

(1.22) logx X e@A(@) + X eab)A(@)A(b) = 2xlogx + O(x).
Nabsx

Nqs<x

This follows when one notices that the difference between the left-hand side of
(1.22) and the left-hand side of Selberg’s fundamental formula is G(x).

If x is a nonprincipal character of G,, then we apply Thecrem 1.1 with
¢ =—yx'/x and « =yx. Now

C(pa,x) = C(—x'sx) = X x(a)logNa =0(x'"*)
Nq=x

for 0 <& < 1/n, as can be seen by summation by parts and application of (1.20).
Therefore,

Y ua)a(a)log '1\‘3;3 C(¢a, —N’%) — Néx 0((]\%)1_8/2) = 0(x)

Nqsx
as we have seen. It follows that
(1.23) logx X x(@A@+ X x@b)A@A®D) = n(x),
Nasx Nabsx
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where 7,(x) = O(x) for x # ¢ and n,(x) = 2xlogx + O(x) for y = e. Rearranging,
we have

Y % {logx T Al + z A(a)A(b)} = ().

26Gyy Nasx,aeg Nab=x,abeg

Solving these equations we get, for each ge G

(1.23a) logx X  Aa) + Y A(a)A(D) =15 2xlogx + O(x).
Nasx,aeg Nab<x.abeg
This is Selberg’s fundamental formula for ideals in ideal classes modulo m.
Now we show how (1.17) can be generalized to ideal classes. From (1.11) there
exists ¢, such that
e(a)

Y ==L = oflogx + ¢p] + O(x~ 1.
Nazx N(l [g 0] ( )

Furthermore we can show that

g@u(@
(1.24) Néx Na = o),
g@u@ - x
(1.25) NaXé‘,x N g yg = oW,
(1.26) y HWAQ@ _ ooy 4 o).
Nasx N

The proofs of (1.24)—(1.26) are almost identical with the proofs of (1.2), (1.3),
and (1.5). The important thing is that ¢ defines a strongly multiplicative formal
Dirichlet series such that C(e,x) = wx 4+ O(x" ~'/") for some w > 0. With these
results we can prove
e(a)A(a) g(ab)A(a) A(b)
log ¥ Nazéx Na + Na}séx Nab

1.27) 3
=3 log?x — 3cologx + O(1)

in exactly the same way that (1.16) was proved. Furthermore from (1.27) we can
deduce
) &(a) A(a)log Na + 3 &(ab) A(a) A(b)
Nasx Na Nap<x  Nab
(1.28)
= log%x — 2c,logx + O(1)

in the same way that (1.17) was deduced from (1.16).

In order to get the corresponding results for the nonprincipal characterswe
proceed along different lines. Moreover we need a result that can be proved by
elementary methods (Shapiro and Forman [1]).
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(1.29) If y is a nonprincipal character of G, then
y M@ _ 5y
Nq=sx N

We consider the identity (a’/a)’ + (a'/a) =a"/o and let a be defined by
a(a) = x(a)/Na. Note that

C((Z—) ,x) - ¥ y(@)A(a)log Na
o Nasx Na
and
1\2
C((a_ ) ’x) _ vy KD)A@A®)
o Nab<x Nab
By summation by parts we see that
x@) .
Cla",x) = X —log*Na = by + O(x™ %)
Nq=<x N

for some constant b, and sufficiently small ¢ > 0. Hence

o(e) = 25 e ol(m) )

— b, £ M@ 55 T Net = o).

Nq<x N Nas<x
It follows that

x(@)A(a)log Na x(ab)A(a)A(b)
(130) Nagx Na + NabESx Nab

= x(x)

where 1,(x) =log’x — 2¢ologx + O(1) if x =& and n,(x) =0(1) if x#¢& We
can rewrite this as

A(a)log Na AWA®) _
g ezGmX(g) { Na§§,a eg Na * Nab§§,nb €g Nab } B "l(x)

and solving we get, for each g€ G,,

y Al@logNe v A@A®) _ —{l og?x — 2¢ologx} + O(1).

Nasx.,aeg Na Nab=x,abe g Nab

II. Tauberian methods. Now let m be an integral ideal of k and let y be a
nonprincipal character of G,,. Then by (1.23) we have:

.1 fx) + h oc(n)f( )—»0 as x— o0,

logx nsx
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where
22 105= L A@AG,
and o=

_ x(@) A(a)
(2.3) a(n) = NE” e

Furthermore if ¢ is the principal character of G, then by (1.23), formula (2.2)
also holds for

2.4) fx) = —;[ )2 e(a)A(a)—x],

Na=zx
and

2.5) an) = X dOA@)

Nesx Na
We would like a result stating that with appropriate hypotheses on f and «, the
condition (2.1) implies f(x) =o(1) as x — co. The condition

(2.6) X x(a)A(a) = o(x) for x# & and x + o(x) for y =¢,

Na=x

is a simple equivalent of the theorem on equidistribution of prime ideals in ideal
classes.

In his paper, Some results on arithmetic functions, Amitsur [2] states the
following:

Let g(n) be a non-negative function such that
(A.1) Yg(n) = alog™x + blog™ 'x + o(log™ 'x), m=1, a>0.

nsx

‘‘Let f(x) be a complex-valued function such that

(A.2) f(x) = o),

(A.3) > ffll) = 0(1),

(A4 f(tx) —=f(x) = o(1) as (t,x) (1, 0).
““Then the condition

(A3) g s 5 Z s ()| + oltog™)

implies that f(x) =o(1).”’
By (2.1) we have

@) rltogx 5 E gm)| £ ()| + oo,

where f is given either by (2.2) or (2.4) and g(n) = ZN‘,:,,(A(Q)/N(I) .
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(A.1) follows from the prime ideal theorem, (A.5) is just (2.7) and (A.2)<(A.4)
can be verified by elementary methods. However, the proposition is not true
as it stands. In fact, one easily checks that the functions f(x) = ¢''** and
g(n) =1/n, provide a counterexample.

It should be pointed out that if we have (1.23) for some nonprincipal character
x of G,,, and we know (1.23a) for all h e G, then it is possible to give a proof
very similar to the one in Selberg [2]. However we will take a slightly more
general approach.

Supposefis a complex-valued function defined on (0, c0) and « is a non-negative
function defined on integral ideals; suppose we have:

2.8) 1) + o =z x(a)a(a)f(——) 0.

For heG,, we multiply by x(h) and rewrite as follows:
Wi+ I E  a@uhef(n) = 0
* 2eGy F— Nasx.a€g Awrhe (-AT(I )

Or, with f,(x) = x(h)f(x), we have:

)+ X > oz(a)fg (ﬁxz) -0

geGm lOgX Nas<x.,qegh~

for all he G,,. If the f, are replaced by either their real or imaginary parts the
relation still holds. Finally, for each h e G, we have:

2.9 Ifh(x)l s <2 Bi, (1)

logx f"(n)l + o),

where we can assume the f, are real-valued,and g, .(n) = ZNF,,,C,EL,,,-l(a(a)/Na).
Starting with the single relation, (2.8), involving complex-valued functions we
arriveat the system, (2.9), of relations involving real-valued functions and where
the coefficients B, , are even non-negative. It is from this point of view that we
approach the problem.

It is very convenient, although not necessary, to discuss the Tauberian theorem
in terms of Lebesgue-Stieltjes integrals rather than finite sums.

Let k(x) be monotone increasing, defined on (0, o0), we assume that k is nor-
malized to be continuous from the left at each point. For any interval [a,b) we
define its measure to be k(b) — k(a), this measure has a unique extension to the
Borel sets. If f(x) is integrable for this measure we denote its integral by
Jof(x)dk(x). We will also need the following results which can be found in

Pitt [1], [2].
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(2.10) Suppose h,k are monotone increasing on (0, co) then

f " e — p)dk(y) = f ke = ) dh(y).
0 o

(2.11) 1If k(x) is monotone increasing and absolutely continuous and f is
integrable with respect to k, then [f(x)dk(x) = [¢’f(x)k'(x)dx.

(2.12) Suppose h,k are monotone increasing and f is Borel measurable and
bounded in any finite interval then

f ) { x'vf(x—y—t)dh(t)}dk(y) - rf(x—y)dl(y),
0 0 0
where
1) = f Wy — 1) dk(i).
0

From now on we assume that all functions mentioned are Borel measurable
and defined on (0, o), and all measures k(x) are continuous from the left.

LeMMA 2.1. Suppose f(x) is real-valued and bounded. Suppose k(x) is
monotone, k(0) =0, and k is non-negative and k(x) ~ aF(x) for some function
F(x), and k(x) — k(x — x,) = o(F(x)) for each fixed x,. Let S =limsup,., ,f(x),
s =liminf, , _f(x) then:

as < liminf F_(_) f " f(x = y)dk(y)

< limsupl%x)- J‘oxf(x — y)dk(y) < aS.

x>0

Proof. The middle inequality is clear. We prove only that

limsup —I;@J:f(x — y)dk(y) £ aS

X =* 00

since the other inequality is similar. Let ¢ > 0 be given, then choose x, such that
f(®)<S+e¢forall t=x,. We split the integral as follows:

w5 | 10=na) =25 [ snako) + s [ se-nake.

X=X0
The second term goes to zero, since it is bounded by (k(x) — k(x — xo))M/F(x)

where M is a bound for f. Noting that x— y = x, when y < x — x, we see that
the first term is bounded by

k(x—-m_.)_

(S+e¢ &)

—(S+5) lk(x) _ k(x)—k(x—xo)}

F(x) F(x)
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which has the limit a(S.+ &) as x —» . Since & was arbitrary the result
follows.

The next lemma is essentially the same as a result of Selberg [1]. Weinclude
a proof since we use integrals instead of finite sums.

LeEMMA 2.2. Suppose f(x) is real-valued, that f(x)—f(x—d)—>0 as
(x,d)>(,0), and that [5f(t)dt =0(1), then given £>0 there exist x,, T,
and d all greater than zero such that for all x = x, the interval (x,x + T) con-
tains a subinterval of length d, throughout which ]f(t)| <e.

Proof. By hypothesis, there exists a constant M such that |[Jf()dt|<M
for any x,x’. We first choose T so large that M/T <¢/2. Next choose x, and d
so that |f(x)— f(x — 8)| < &/2 for all x = x, and 0 < § < d. We may also assume
that d< T/2. Consider the interval (x,x + T) for some x = x,. If f(¢) does not
change sign in this interval then inf,., .+ |f(O|T | [Z*7f()dt| £ M and
hence infi.(,, .+ 1) [f(1)| £ M/T < ¢/2 and it follows that |f(¢)| < &/2, for some
te(x,x+ T). Now one of the intervals (zr,7+ d) or (tr — d,t) is contained in
(x,x+ T) since d<T/2. If t is in (r,7 +d) say, then |f()|=]|f(z + 9)|
=|f@-(@ -fc+)]| £ |[f@]+|f(x)=f(x+ )| for some 0<s<d.
Hence |f(f)| < ¢ in this interval. On the other hand if f does change sign in this
intervalthen there exists t € (x,x+ T) such that f(z) and f(t + d) have opposite
sign. In this case |f(1)| S |f(D)| + |[f(r + D] =|f(x) = f(z + d)| < &/2. As be-
fore we can find an interval contained in (x,x + T) with one end point at
throughout which |f()]<e.

From now on we assume that we have N real-valued functions f,---,fy de-
fined on (0, ) and N? monotone increasing non-negative functions k;;,subject
to the following conditions:

(2.13) fix) = 0(1); i=1,--,N.
(2.14) fxfi(t)dt =0(); i=1,-,N.
o
N 1 X
215 || = }=31 - Jo £ = ») |dki(p) + o(1); i=1,-+,N.
(2.16) fix—d) = f(x) >0 as (x,d) > (0.0).
(2.17) k(%) ~'I’{,-; i,j=1,,N,k;0+) = 0.

(2.18) k;j(x) — k;j(x — d) = 0(1) for each fixed d > 0.
(2.19) There exists d > 0 such that

liminf [k;;(x) — k;(x — d)] > 0; i,j =1,--,N.

(2.20) 1;§(0) = limsup[k;j(x) — k;;(x — 6)] >0 as 6 0.
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DerINITION 2.1, We let k{}’(x) = k;(x) and

kGO = 21 k‘"’ x = y)dkn(y).
The next three results can be found in Pitt [1].
(2.21) Suppose g(x) ~ ax", then

axn+l

J:)g(x = y)dk;i(y) ~ NCES] for alli,j=1,---,N.
(2.22) For all pairs (i,j); i,j=1,---,N we have k{(x) ~ x"/Nn!.

(2.23) For all pairs (i,j); i,j=1,,N

KP(x) — kP(x —d) = O(x""") foreachfixedd.
LeMMA 2.3. For all i,j =1,---,N we have

limsup |fi(x)| = limsup|f;(x)|.

Proof. We let S; = limsup, ., |fi(x)| and note that by Lemma 2.1 we have
hmsupx_.w(l/x) I3 fix— y)[dk,,(y) <S;/N. From (2.15) it follows that
S;SN~'XY.,S; for each i=1,---,N. Suppose that for some i, we had
S, <N'1 2" 1S;, then summing on i would give Z}LI S;< E'}LISJ. Hence
Si 1 Z,I: 1S = S.

LEMMA 2.4. For each n we have
S E _ )
s lim sup lf (x— »|dKPW).

Proof. By (2.15) the proposition is true for n = 1. Suppose it is true for some
n=1,ie
S n
— S limsup E j |fi(x— ») | dkP ().

X+ o0

By (2.15) again,

N 1 x .
= |- wlao)

0 lm=1X—Y
1
== X" x—y

by Lemma 2.1.

N

N l x N 1 3 P
<25 [ (2 5 [ 1fux=y=D]dbuntd + o0} a5
1

L T =y = )| A AED) + o(1)
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The first term equals

N1 xdk(y)
z fo

xnt1 xX—y

 Vfe—y = 0| dkyu0)

jom=1

j dk0) f fuCe—y = 1) | diyu(d)

jm 1 xn+l

()
L3t J' ydkiP(y) |fm(x— y—0)|dk;n(®).
0 0

Jjm=1 xntl xX—=y

The first term here is just X0, (1/x"*Y) [5 |fu(x—p)|dkit () by 2.12. The
lemma will be proved if we show that

()
lim sup 2 ! J; ydkij7) lf m(x—y—1)|dk (1) < _—! D! _,_Sl)!-

x=w jm=1 xnti X =Yy

We let g,(x) =(1/x) [3]fu(x — y)ldkj,,,( y) and note that g,(x) is bounded and
limsup, ., , gn(x) = S/N.

The expression to be estimated is Z?’,m:,(l /X" (5 ygmx — y)dk(j”,,),(y). Let
&> 0 be given, then we choose x, so large that g,(tf) < S/N + ¢ for t = x,, then

T \
=i J;ygm(x = Y)Ak§Xy)

X

I R . ! ,
= o [ et - g o)+ = [T peatemn) a0

+
xn+l x—Xo

The second term is bounded by
VD) — kPGx — x9)] = o( 1) -0,

where M is a bound for g,, here we use (2.23).
The first term is bounded by

o)
e o Lo
=( )[kﬁ’z(x) 1

P N(n+1)s!] + o)
= (% + a) [%— ("'l';l)'] + o(1).

zl

ZIM
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Since & was arbitrary it follows that

1

* . S S
[ veatx =k s S

n!_(n—+1)!

limsup X

x> Jj.m
which was to be proved.
We quote without proof the following elementary lemma, which can be found
in Pitt [2].
(2.24) Suppose for j=0,1,---,J we have q;(x) 20 for all x and g (x)= 1
in an interval I; of length 2a with center in a fixed interval I of length 2d. Then
there is an interval of length 2a with center in I, throughout which

3 4,(0)2 - 1.
j=0

Ja
2(2d + a)
The next lemma is crucial and is based on an idea of Pitt.

LemMMA 2.5. Ifd > 0is giventhen there exist xy, n, and B> 0 such that for all
x 2 Xo, k{P(x) — k{P(x—8) = Bx" ", this holding for all pairs (i,j).

Proof. Let 4’:(}')(3‘) = k{"(x) — k{P(x—5), then

N x N X =0
$o) = T f K= den) — T [ K= 5= y)dken ()
m=1 0 m=1

0

N X
= ':L:l A Pimx— y)dki(3).
The proof will be divided into several parts.

(2.5a) There exist «y, #; > 0 and x, such that for each pair (i,j) there is a se-
quence of intervals {I,,(i,/)}m=o of length 2a,, such that every interval (x,x + 2d)
for x = x; contains the center of one of these intervals and ¢{)(x)= g, for
xel,(i,j). First by (2.19) choose x; so that k;i(x) — k;(x—d) = y> 0 for all
x2 x}. Then choose a so small thatby (2.20)lim sup, ., [ k; (x) — k; (x — @) ] <yd/4d,
then choose x; = xj so that k;;(x) — k;;(x—a) <yd/4d for all x = x,. Then it
follows that for any m such that md = x,, the interval (md,(m + 1)d) contains
asubinterval of length «, throughout which ¢§})(x) 2 y6/4d . Clearly every inter-
val of the type (x,x + 2d) for x = x, contains the center of such an interval. We
can do this for each pair (i,j) and hence can assume that a,, f§,,and x; are suf-
ficient for all (i,j). However the sequence of intervals {I,(i,j)}m-o may
vary with (i,j).

(2.5b) There exists h, n> 0 and x, such that for all m such that md = x,,
and for each (i, j) the interval (md,(m + 1)d) contains 2 subintervals (md + a,(i,j),
md + a,(i,j) + h) and (md + b,(i,j), md + b,(i,j) + h) such that k;; increases
by at least # in each of these intervals and:

(225) bm(i’j) - am(iaj) +h = 2al
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(2.26) an(i,j) + 2h < b,(i.j).

First choose x5 so that for all m such that md = x5, k;; increases by more than
y’> 0 in the interval from md to (m + 1)d. In any such interval clearly there
is a subinterval of length 2a, , throughout which k;; increases by at least y > 0,
we may take y =y'2«,/d and we see that y is independent of m. Now choose h
so small that limsup,_,,[k;;(x) — k;(x—h)] <y/4 and then x, = x} so that

kif(x) — ki j(x — h) < 41 for all x = x,.

Now let n=yh/8d. Let m be such that md = x,, then (md,(m + 1)d) contains
asubinterval of length 2« such that k;; increases by at least y in this subinterval.
We divide this subinterval into subintervals of length A, in at least one of these
k;; increases by more than 7, pick the first one, then skip one and there must
be at least one more farther on where it increases by at least n. Let a,,(i,J), b,,(i,j)
be the left-hand end points of these intervals, then conditions (2.25),(2.26) follow
by the construction.

(2.6¢c) Proceed by induction. We assume that for some n > 1, there exists
B»>0, ay =, +(n—1/2)h, and x, such that for each (i,j) there is a sequence
{I®,)}2-0 of intervals of length 2a,, such that for x>x, the interval
(x,x + 2d) contains the center of one of these intervals and for xe]f,:')(i,j),
¢P(x)= B,x""~. We have already verified this for n =1.

Fix (i,j); we have

N x
ot = ¥ 0¢,‘:;’(x - y)dkn;(»)

m=1

N
X X g..,

r=1 mgo0

where

(m+1)d
f 60 — Yk, ().

md

qr m(X)

Now choose m, so that md = x, for m = m, and pick X 2 x,, X = (m + 1)d.
By the induction hypothesis, for each (r,j) there exists 7, € (X, X + 2d) suchthat
¢gky)glﬂyn_lfbfLV€CH"‘%w1}*'%0-

Now suppose x is in one of the intervals

I, = (t,—a,+md+a,(r,j)+h, 1, +a,+ md + a,(r.j)),

I, = (t,—a,+ md+ by(r,j) + h, 7, + o, + md + b,(r,J)).
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If xel,, then
(m+1)d
Gom(X) = j O x — p)dk, ()

md

v

md+am(r, j)+h
j $0(x = y)dk,)

md }am(r, j)

v

md+ap(r, j)+h
j B,(x — )" dk, ()

md+ay(r, j)

v

"ﬂn(x —md — d)"_l s
because if x eI, and y e (md + a,(r,j), md + a,(r,j) + h) then
T,— 0, SxX—y=1,+a,.

Similarly, if xeI,, then

md + b, (r, j)+h
om0 2 j 600 — )dke ()

md+by,(r, j)
2 np(x—md—dy'"".

By (2.25), (2.26) these intervals overlap and have total length of at least 2a, + h.
Now consider some large X = x,,.

¢ x) = L 4, m(®)
1 mzo0

r

M=z 1 M=

v

X g..().

r=1 mosm=X/2d—1

Welfocus our attention on one of the g, ,, appearingin this sum. Now X — md>m
so there exists 7,€ (X — md, X —(m — 1)d) such that ¢(y)=B,y"" ! for
ye(r,—a,, 1, +0a,). One easily checks that the center of the corresponding
interval I, U, lies in (X,X + 2d). So we see from the above that for each of
these functions g, , with r=1,---,N and my <m < X/2d — 1, the interval
(X, X + 2d) contains the center of an interval of length 2a, + h throughout which

. X n—1
o2 1B (e=md = D7 2np,(G)
since (m + 1)d = X/2. Therefore by (2.24) this interval contains the center of
an interval of length 2a, + h, throughout which

2 Brss X"

oz (5 N{(3)-1-me) (= +3)

2 2(2d + o, + g-)
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if X is taken sufficiently large. But since X =x— 4d for all x in this interval we
have ¢+ (x) = B,x" for all X sufficiently large. So we have verified the prop-
osition for n + 1. Now we just take n so large that 2a + (n—1)h > 4d and then
we will have

¢Px)=px"""  for all large x.
THEOREM 2.1. For each i=1,---,N, fi(x) = o(1).

Proof. We want to show S =0. Suppose S > 0. Then by Lemma 2.2 there
exist xo, T, & such that, for all x = x,, the interval (x,x + T) contains a sub-
interval of length §, throughout which |fi(f)| < S/2 for all i =1,---,N. Now
choose x; and n so that for all (i, )

kP(x) = KP(x = 8) 2 px"

for some B>0 and all x=x,. This is possible by Lemma 2.5. Let
X, =max(x;,x,). Suppose x— T 2x,, and (y—0, y) € (x—T, x). Then
kP(y) — k$(y — 8) = px"~! and k('"(x) — k(x — T) < Ax"~ ! by (2.23). Hence

kP(y) — kP — %), B
k() — kep(x — T A

or ki) - kP(y — 8) > y[kP(x) — kP (x— T)] for some y > 0. Now Lemma
2.4 gives

S * .
Ssimsp T L [le-lango)
foreach i =1,..-,N. In order to get a contradiction it is enough to show that
limsu |f( = »|dkPG) < = S

p Jj x Yy y Nn'

x=0

Let ¢>0 be given, we assume that x, chosen before is also so large that
|f;(0]<S +¢ for all t2x,. Now

= [ 1= )10

= %'_ J:'ﬂ Ifj(x - y)ldk(”)(y) -|- = J lf](x — y)ldk(n)(y)

The second integral goes to zero by (2.23) and the fact that f; is bounded. The
first term is broken up as follows:
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[(x=x2)/T—-1] 1 (m+1)T

¥ )., Ifi(x = y)| dk{P()

m=0 X

(= r=11 o KX ) o
< 3 s+ omkpn + 1) - KT - ST 0ut - K Pow)

m=0

[(x=x2)/T—1] 1 ), (n)
< {(s+e> y }[k (m + 1T) — K(mT)]

m=0

= L+ -3 S LACEERY

Hence limsup,,,(1/x") [5|fi(x = ») Idk({}’(y) < S(1—y/2)/Nn! since & was arbi-
trary. This gives a contradiction and hence S =0.

COROLLARY 2.1. If the fi(x) are permitted to take on complex values with
the restriction that there exist a;,i=1,---,N such that o; S argf(x) <o +n
then Theorem 2.1 still holds.

Proof. Noting that e™'*/f;(x) satisfies (2.13)-(2.16) whenever f;(x) does we
may assume that 0 < argf(x) < n for j =1,---,N. Let f;(x) =f{(x)+ if (x).
Then we see that f$(x) 2 0 for all x. By condition (2.14), [&f¥(f)dt=0(1),
hence [ f P()dt exists because fP ()2 0. Since f, satisfies (2.16) so does
f§? and it follows easily from this and the fact that [& f{*X(t)dt < co, that
F§¥(x) =o(1). By (2.15) we have

012 § L [Yteoliniorac
Ifj X I = o1 ’;’ b I m(x—y)l jm(y)'l'o( )'
Now |fi(x)] = |f{Px)| + o(1) and

+ [ e+ 1= akn0)

<+ [ IPe-nldkn + 1 [ IF2G-plabo.
The second integral is o(1), by Lemma 2.1. Hence
N
el s T+ [ 18- dku0) + ot

for j=1,---,N. Since fj(”(x), for j=1,---,N satisfy (2.13)-(2.16) it follows
from Theorem 2.1 that f{'(x) = o(1), hence f;(x) = o(1).

Next we show that given any angular sector in the plane: a S0<n+a+ ¢
for ¢ > 0, there exists a function f taking on values in this sector such that f satis-
fies conditions (2.13),(2.14), (2.15) and that for any monotone increasing function
k, with k(x) ~ x we have
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IS+ [[1FG=nak) + o3 yet ) # oti).
We may assume the angular sector is of the type — e < 0 < n + ¢, for some
&> 0. We define f as follows:
f@®) = &7 for 0St<n/2+e,
f() = e for n/2+e<t<T, where T=n/2+¢+cot ¢,
f@) = fQt—-T) for TStZ2T,
f(®) = — f(t—2T) for 2T < t<4T,

then define f periodically with period 4T.
It is easily seen that f is continuous, and hence it is uniformly continuoussince

it is periodic. Therefore it satisfies (2.16). Since |f(#) | =1, condition (2.13) is
fulfilled.
Toshow that(2.14)is satisfied we show that [§7f(t) dt = 0. Let f(t) =f,(£) + if4(t),

4T 4T
fi()dt = f R{—f(t—2T)}dt
2T 2T

4T 2T
= = [1t=2D)dt = — | fi(Ddt,
2T 0

hence [§7f,(f)dt = 0. Next consider f5(1),

T

f:f ,(Ddt = J:/z " sin(n/2—1t)dt — sing J dt

r/2+e

x/2+¢
= j cos t dt — cotesine
0

sin(n/2 + ¢)—cose = 0.
Furthermore,
2T 2T T
rd = [ per-oa = [ oo,
T T (1]
hence
2T
fa(dt = 0.
(1]

Next:
aT 2T

4T 4T
fa(n)dt =j Im{ - f(t—2T)}dt = | f,(t—2T)dt = | [f,(1)dt=0,
2T 2T 2T 0

SO
4T
fa(Hdt = 0.
(1}
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Since |f(#)| =1, the condition that |f(x)| < (1/x) 5f (x—y)dk(y) +0(1) merely
requires that 1 < k(x)/x + o(1) which is true for any k such that k(x) ~ x.
Finally, (2.9) can be written as:

RIS T 3 [ (IR -n|dH 00+ o)
geGm 0

for all heG,, where F,(x) =f(e*) and H, ,(y)= X, <o By (n). We point out
that if f(x) is given by (2.2) or (2.4) and a(a) =A(a)/Na, it is possible to show
by elementary methods that the conditions of Theorem 2.1 are satisfied.
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